ON THE (NON) REMOVABILITY OF SPECTRAL PARAMETERS 
IN Z 2 -GRADED ZERO-CURVATURE REPRESENTATIONS 
AND ITS APPLICATIONS 



A. V. KISELEVt AND A. O. KRUTOV* 

Abstract. We generalize a standard method for inspecting the (non) removability of 
spectral parameters in zero-curvature representations to the case of Z2-graded partial 
differential equations. In particular, we illustrate a link between deformation tech- 
niques for two types of flat structures over such Z2 -graded equations, namely, their 
zero-curvature representations and construction of their parametric families by using 
the Frolicher-Nijenhuis bracket. 



Introduction. Zero-curvature representations (ZCR) for partial differential equations 
(PDE) are input data data for a realization of the inverse scattering method [5j 126] . 
Therefore, the most interesting zero-curvature representations are those which contain 
a non-removable spectral parameter; in this case the system of PDEs is integrable. 
In the papers [2T| 120] M. Marvan developed a remarkable method for inspecting the 
(non)removabiltity of a parameter in a given ZCR. We generalize this method to the 
case of Z 2 -graded differential equations (e.g., P. Mathieu's N = 2 supersymmetric 
Korteweg-de Vries equations [To]). 

Another powerful technique for generating parametric families of nonlocal structures 
over PDE is based on the use of Frolicher-Nijenhuis bracket; this approach was de- 
veloped by I. S. Krasil'schik et al. in [TJ |8]. We analyze the link between these two 
methods in the case of Z 2 -graded PDEs. 

This paper is structured as follows. We first fix some notation; then in section |2] we 
generalize Marvan's approach to proving the (non)removabilty of parameters in ZCRs 
to the case of Z 2 -graded partial differential equations. In section [3] we study the relation 
between the construction of parametric families of zero-curvature representations and 
corresponding families of coverings produced by using the Frolicher-Nijenhuis bracket. 

1. Preliminaries 

In this section we recall necessary definitions from supergeometry (we refer to [U |T7] 
and HOI El] for further detail). 
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1.1. The Z 2 -graded calculus. Let & ni be a Grassman algebra over the field K. with 
canonical generators 9 1 , ■ ■ ■ , 9 ni , such that 9 l 9^+9^9 l = 0. The parity function p: & ni — > 
Z/2Z = Z 2 is defined on (5 ni by the rule p(a) = for even elements a G <5 q and p(a) = 1 
for odd elements a G <S ni . 

Let Mo be a smooth real manifold. Consider the algebra of smooth functions 51 q (Mo) 
on Mq with values in <25 ni . Each function / G ilq(M ) expands to a power series in {9 1 }: 

f(x,9) = j2 E /m ,(''^"---^- 

A:>0 h,—,ik 

here a; G M and fi lr .. ; i k G C°°(M ). The functions fn,...,^ are antisymmetric with 
respect to the indexes h, . . . , ik- 

Let us extend the parity function p onto the algebra ii ni (M ) as follows: an element 
/ G ilg(M ) is called even (so that p(/) = 0) if p(f(x,9)) = for all x G M , and / is 
called odd (hence p(/) = 1) if p(f(x, 9)) = for all x G M . 

The derivatives with respect to the respective even and odd variables x l and Qi are 
Z 2 -graded derivations of ii q (M ) defined by the formulas 

^/M) = E E 

A;>0 ii,...,ik 

A/(x,e) = E E /« i,w(^ i2 -^-^w 3 -^+...). 

where 5] = 1 if % = j and 5] = if i ^ j is the Kronecker symbol. The derivatives 
satisfy the commutation relations 

8 8 8 8 8 8 8 8 8 8 8 8 



dtfdxi J dxidx iJ1 dx i 89i J 89i 8x iJ ' 89 i d9i J 89^89 
The Z 2 -graded Leibniz rule is then 



d f 8 „\ , f 8 \ 8 , 

^—h . — — 



Denote by n the dimension of the smooth real manifold M . With every open subset 
U C M we associate the algebra il ni | no ([7) of smooth functions on U with values in 
the Grassman algebra (5 ni . By definition, the manifold M endowed with the sheaf of 
algebras il(U) is a supermanifold [I]. The manifold M is then called the 6ase manifold. 
The pair (no|wi) is the dimension of that supermanifold, which we denote by M. 

1.2. The Z 2 -graded differential geometry. We say that a differential form ui G 
A*(M) on the supermanifold M is the expression 

w = E^H.-^m-^ ^a^ 1 • • • d^W 1 • • • d9 jl , (2) 

where the coefficients ^i 1 ,... 1 i k -j ly ...j l are antisymmetric w.r.t. the first group of indexes % 
and are symmetric w.r.t. the second group j. The space of differential forms A*(M) 
is the graded R-algebra generated by p anticommuting symbols dx 1 , ■ ■ ■ ,dx p and q 
commuting symbols dO 1 , ■ ■ ■ , d9 q . It is important that the generators dx 1 and d9^ satisfy 
the following commutation relations: 

dx i A dx j = -dx j A dx\ dx i A d9 j = -d9 j A dx\ d9 l A d9 j = d9> A d9\ (3) 
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The exterior differential d act onuG A*(M) by the rule 

^H^E^^M + E^'JjH ( 4 ) 

* j 

As it is the case for classical manifolds, equality du = implies that locally uj = dui\ [16] 
and equality d(duj) = holds for any uj G A*(M) [I]. 

The parity p(u>) of a differential form u = Wi lj .„,i fc y 1) ...j J cfo n • • • dx lk d9^ . . . dO^ 1 is the 
sum of the parity p(^ii,...,i fc ;ji,... ) jj of its coefficient and the parity of p(cfe n ) + ••• + 
p(dx %k ) + p(d9 jl ) + h p(d9 jl ) of generators in it, here p(cfe* fe ) = and p(d9 jl ) = 1. 

The substitution of a Z 2 -graded vector field X into a Z 2 -graded differential form w is 
defined by the formula i x (co) = (-l) p W p ^cj(X). 

1.3. The Z 2 -graded infinite jet bundles. Let U n be an n = (no|ni)-dimensional 
supermanifold, here 1 ^ n < oo and ^ rii < oo, with even coordinates x 1 , . . . , x n ° and 
odd coordinates 8 l , . . . , 6 ni which generate the Grassmann algebra ni . Let 7r : E n+m — > 
E n be a vector bundle over Z 1 ™ of fibre dimension m = (mo\mi). In particular, we 
let n = (2 | 0) so that the independent variables are x 1 = x and x 2 = t; we have 
that m = (1|0) for the Korteweg-de Vries equation, m = (2|0) for the hierarchy of the 
Kaup-Boussinesq equation, and m = (2|2) for the N=2 supersymmetric KdV equation, 
see PH51E2]. 

Consider the jet space J°°(n) of sections of the vector bundle it. The set of local 
coordinates on J°°(7r) is composed by 

• even coordinates x % and odd coordinates Qi on E n , 

• even coordinates u k and odd coordinates £ a along the fibres of 7r; these variables 
themselves are elements of the set of 

• coordinates u\ j and j along the fibres of the infinite jet bundle Tioo : J°°(7r) — > 
E n . 

In the above notation we let / be the multi-index that labels partial derivatives of the 
unknowns u k and £ a w.r.t. even variables x l , and J the multi-index that labels partial 
derivatives of u k and £ a w.r.t. odd variables (P\ by convention, u% = u k and ^% = £ a . 
The parity function p: J°°(tv) — > Z 2 is defined as follows, 



p(x*) = 0, p(^) = 1, 

p(u k ) = o, P (D = i, 

p(v$ t j) = \J\ mod 2 p(£f tJ ) = \J\ + 1 mod 2. 

The total derivatives on J°°(7r) are 

d m ° d mi d 

^ = ^+E E u Wftj-+E E thi^gy-, 

k=i JeN,Je(Z 2 ) n i 7 > J a=l 7eN,Je(Z 2 ) n i J ' J 

Dej = d0j + Yl E u Wi^^+E E ^,j+hQ^r' 

k=l 7eN,JG(Z 2 ) n i 7 ' J o=l 7gN,Jg(Z 2 ) n i S/ ' J 

These vector fields commute. 
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Consider a system £ of r partial differential equations, 

s = {f\x\ e\ u k ,..., u k ItJ , e, . . . , $ tJ ) = 0, e = 1, . . . , r } 

The system {F e = 0} and all its differential consequences D l *lD l e J } l F e = 0, which we 
assume existing for all \I\ + \ J\ > 1, generate the infinite prolongation £°° of £. The 
restrictions of D x i and D dJ onto £°° determine the Cartan distribution C on the tan- 
gent space T£°°. Here and in what follows the notation D xl and D 8 j stands for the 
restrictions of the total derivatives onto £°°. 

The exterior differential d on A(£°°) splits to the sum d = dh + dc of the horizontal 
differential d h : A M (£°°) -> A.™ +1 (£°°) and the vertical differential d c : A p ' q (£°°) 
A P+1 ' <J (^°°). The differential d h can be expressed in coordinates by inspection of its 
actions on elements G C 00 (^ 00 ) = A '°(^ 00 ), whence 

"0 "1 

40 = ^ dx l A L> x< + ^ d ° j A (5a) 
i=i j=i 

« = 5: £ < ; a ^ + £ ^ c a * , ( 5b) 

k=l I, J ° Ul >J a=l J,J ^J.J 



where we put 



X ^-r; 7 ?' X 



C?,, = dQ tJ -^hi.,jdx l -l^ CI. j. ■.<«>'■ 

i=l j=l 



We have that 



(u k T 7 ) = in ,{0J k 



"D xi \^I,j) ~ <<D el \"l,jJ ~ <<D xi \<>I,jJ ~ <<D 9l \<>I,jJ 

These equalities mean that the Cartan distribution can be equivalently described in 
terms of Cartan forms oo k and £ a . 

The restriction of Cartan distribution on J°°(7r) onto £°° is horizontal with respect 
to the projection Koo\ g0 o'- £°° ~^ M. This determines the connection C^-oo : D(M) — > 
D(£°°), where D(M) and D(£°°) are the modules of vector fields on M and £°° over 
the ring of smooth functions C°°(M) and C 00 (^ 00 ), respectively. The connection form 
Ugoo G D(A 1 (£°°)) of Cs°c is called the structural element of the equation £°°; we denote 
by D(A 1 (^°°)) the C 00 (^ 00 )-module of derivations C 00 ^ 00 ) ->■ A 1 ^ 00 ) taking values in 
the C 00 (^ 00 )-module of one- forms on £°°. 

2. (Non)removability of parameters in Z 2 -graded zero- curvature 

representations 

Consider the tensor product (over the ring of <S ni -valued smooth function on £°°) of 
the exterior algebra A(£°°) = f\* A l,0 (^ o °) with a finite-dimensional matrix complex Lie 
superalgebra q. The product is endowed with the bracket 

<g> jJL A V 
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for p,v G A(£°°) and A,B G g. We now define the operator that acts on elements 
of A(£°°) ® by the rule 

d A (^4 (8> //) = A <g> <4//, 

where the horizontal differential dh in the right-hand side is fl5al) . The tensor product 
A(£°°) eg) g is a differential graded associative algebra with respect to the multiplication 
(A(&p)-(B®v) = (— 1)p(- b )pM ( y A-B)®pAv induced by the ordinary matrix multiplication 
so that 

d h (p ■ a) = d h p ■ a + (-1) T p ■ d h a 

for p G A r (£°°) <g> g and cr G A s (£°°) g> 0. Elements of C 00 ^ 00 ) ® g are called g- 
matrices [20] . 

Definition 1 ([15 } 120] 121]). A horizontal f-form a G A 1 ^ 00 ) ® g is called a g- valued 
zero -curvature representation for the equation £ if the Maurer-Cartan condition 

dha = -[a, a]. (6) 

holds by virtue of £ and its differential consequences. 

Let G be the Lie supergroup of the Lie superalgebra g. Given equation £, for any 
zero-curvature representation a there exists the zero-curvature representation a s such 
that 

a s = d h S-S- 1 + S-a-S-\ S e C°° (£°°) ® G . (7) 

The zero-curvature representation a s is called gauge-equivalent to a, and S is the gauge 
transformation. Elements of C°°(£ °°) <S> G are called G -matrices. 

Definition 2. Let «a be a family of zero-curvature representations depending on a 
complex parameter A G X C C. The parameter A is removable if the forms a\ are 
gauge-equivalent at different values of A G X. 

The following proposition and its proof are proper ^-generalizations of M. Marvan's 
result for classical, non-graded systems of partial differential equations [20, [2T]. 

Proposition 1. The parameter X in a family of zero -curvature representations a\ for 
the system £ is removable if and only if for each A G X there is a g-matrix Q\, depending 
smoothly on X, such that p(Q\) = and 

d 

— a x = d h Q x - [a x , Q\\. 
oX - L 

Proof. Suppose that A is removable. This means that for any fixed Ao there exists a 
G- matrix S\ such that a x * = ot\ and S\ = 1 G G. The matrix S\ = d/dX\\=\ S\ 
belongs to the tangent space at unit of G, i.e., to the Lie superalgebra g. Note that 



6 



A. V. KISELEV AND A. O. KRUTOV 



p(5 



0. We have that 



a 

d_ 

~ dX 



X=X 



d 

aXo= ox 



A=A 



d_ 
dX 



{d h (S^)S x + S^a x Sx) 



X=X 







(-S x 1 d h S x + S x axSx) - --^-S x ^d h (S Xo ) - S x ^dS Xo - S x ^S Xo S x ^a Xo S\ 

+ ^Xq^^o^Xq + "^Ao ^Aq^Ao = ~dS\ Q — S\ Q O>x + (%\ Q S\ Q + a\ . 

This implies that 6>\ = dhS\ — [a\ , S Xo ], where 5 G $j (g> A (£°°). 

Conversely, suppose now that a\ = dhQx — [ax, Qx] for some Qx € Q <S> C 00 (£ 00 ). Let 
5a G G be a solution of the matrix equation dS/dX = QxSx with initial data Sx = 1. 
Note that solutions 5a exist only for even g-matrices Qx- Consider the expression 



Z x = dS x + S x a Xo - a x Sx 



[a 



X 



ax)Sx- We have that 



d d - 

TTT-Zx = 77t(<45a + 5 A ttA ~ «a5 A ) 

oX oX 

= d h (Sx) + Sxax - a x Sx - «a5a 

= d~h(QxSx) + QxSxotx - "a5 a - a x QxSx = 

= d h QxSx + QxdhSx + QxSxaxo - «a5a - axQxSx + (Qx&xSx - Qx&xSx) 
= (d h Qx ~ &xQx + Qx®x -«a)5a + Qx(dhSx + S x ax ~ "a5 a ) 



— — 



= QxZx- 

It is obvious that Z Xq 
removable. 



0, whence a x * — a a 



0. Therefore, the parameter A is 

□ 



Example 1. Let us consider the four-component generalization of the KdV equation, 
namely, the N=2 supersymmetric Korteweg-de Vries equation (SKdV) |15J : 



(V 1 V 2 u 2 ) x + 3au 2 u x , Vi 



_d_ 



• e *'& (8) 



u t = -u xxx + 3(uV 1 V 2 u) x + — 
where 

u(x, t; 8 1 ,8 2 ) = u (x, t) + 9 1 - u x (x, t) + 9 2 ■ u 2 (x, t) + 9 X 9 2 ■ u 12 (x, t) (9) 

is the complex bosonic super- field, 9i,9 2 are Grassmann variables such that 9\ = 9\ = 
Q\Q 2 + 9 2 9i = 0, Uq, u\ 2 are bosonic fields (p(tto) = p(ui 2 ) = 0), and ui, u 2 are fermionic 
fields (p(wi) = p(u 2 ) = 1). Expansion (jHJ) converts (JHJ) to the four-component syste 



U ;t = ~U0;xxx + (oMq ~ ( a + 2 )m Mi 2 + (a - l)UiU 2 ) x , (10a) 

Ui-t = —Ui-,xxx + ( (a + 2)u u 2;x + (a - l)u 0]X u 2 - 3uiU 12 + 3aului) x , (10b) 

u 2 - t = -u 2 -xxx + (~( a + 2)woWi ;x - (a - l)u Q . x Ui - 3u 2 u 12 + 3aulu 2 ) x , (10c) 
u± 2 -t = -u 12 - xxx - 6ni 2 Mi2;^ + 3au -xU - xx + (a + 2)uqUq- xxx 

+ 3uiu 1;xx + 3u 2 u 2 - xx + 3a(u 2 Q ui 2 - 2u u 1 u 2 ) x . (lOd) 



1 The Korteweg-de Vries equation upon ui 2 , see (|TB1) below, is underlined in (|10d|) . 
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The SKdV equation is most interesting (in particular, bi-Hamiltonian, whence com- 
pletely integrable) if a G {—2, 1,4}, see (HI [HI EE]- Let us consider the bosonic limit 
Ui = Ui = of system ffTUj) : by setting a = —2 we obtain the triangular system which 
consists of the modified KdV equation upon uq and the equation of KdV-type; in the 
case a = 1 we obtain the Krasil'shchik-Kersten system; for a = 4, we obtain the third 
equation in the Kaup-Boussinesq hierarchy. In what follows we consider the case of 
a = 4. 

The N=2 supersymmetric a=4-KdV equation (fTOl) admits [UEE2] the s\{2 | l)-valued 
zero-curvature representation a N=2 = A dx + B dt, where 

(-iu e~ 1 (ul + ui 2 ) - e~ 2 u a i -s~ l (u 2 + iui) 
—e —iu — s~ x 

%u\ — u 2 —2iu — e^ 1 

and the sl(2 | l)-matrix B, which is relatively large, is contained in Appendix E] on 
p. [13 

We claim that there is no si(2 | l)-matrix Q satisfying the equalities 
-A = D X {Q) - [A, Q], g- £ B = D t (Q) - [B, Q]_. 

Consequently, the parameter e in a N=2 is non-removable under gauge transformations. 

We note that the zero-curvature representation a N=2 can be used for the construction 
of a solution, which is an alternative to the first solution reported in [6], of Gardner's 
deformation problem [To! |2"2"] for the N = 2, a = 4 SKdV equation (we refer to [T2] for 
detail). The parameter e which we use here is the parameter in the classical Gardner 
deformation of the KdV equation [23J, therefore we denote this parameter by e instead 
of A. 

Example 2. Consider another sl(2 | 2)-value zero-curvature representation /3 = Adx + 
B dt for the N=2, a=4-SKdV equation: we let 

(A - iuo -A 2 - (ul + uw) —iu\ - «2 N 
1 -A - iu 

U2 — iui —2iuq 

and again, the sl(2 | l)-matrix B is written in Appendix IB1 on p. [15j 
The sl(2 I l)-matrix 

^0 1 N 
Q = I 



.0 0, 



satisfies the equations 



—A = D X {Q) - [A, Q), —B = D t (Q) - [B, Q). 



Solving the Cauchy problem 



d 

— S = QS, S\\=o 
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we obtain the SL(2 | l)-matrix 

S 



This matrix 5* defines the gauge transformation that removes the parameter A from the 
zero-curvature representation ft, i.e., ((3) s = /3|a=o- Consequently, the parameter A in 
(3 is removable. 

3. Families of coverings and the Frolicher-Nijenhuis bracket 

From now on we assume that the base M of the superbundle it is just the base man- 
ifold Mo, i.e., we let n\ — and consider systems £ of partial differential equations 
upon mo + mi unknowns that may depend only on the even independent variables x\ 
i = l,...,n . 

Consider a (fcol^i)-dimensional covering r : £ = Wx£°° — y £°° with even nonlocal co- 
ordinates w 1 , ... , w k ° and odd nonlocal coordinates f 1 , . . . , f hl on a (&o|A:i)-dimensional 
auxiliary supermanifold W. The prolongations D x i of the total derivatives D x i to the 
covering equation £ are given by the formula [2J, Q3] 

b xl = D xl + wl l ^- + ft — 



dwP Jxl dfi' 

These total derivatives D x i determine the Cartan distribution C(£) on the covering 
equation £. In turn, the Cartan distribution C(£) yields the connection Cg: D(M) — > 
D(£); the corresponding connection form Ug G D(A 1 (£^))) is called the characteristic 
element of the covering r. Expressing Ug in coordinates, we obtain 

Us = dc(ul)^- + dc{ih)-^r + (dw? - < dx*) A + (dP - f% cfa*) A. 

Next, let us recall that the Frolicher-Nijenhuis bracket [■, -] FN on D(A*(£)) is defined 
by the formula [2] 

[Q, Q] FN (g) = Ln(6(0)) - (-l)^")^) L e (Q(g)), 

where tt G D(A r (£)), G D(A S (£)), and / G C°°£; here L n = i n o d + d o i n is the Lie 
derivative. 

Let T\: £\ = W\ x £°° — > £°° be a smooth family of coverings over £°° depending 
on a parameter A G C and C/\ be the corresponding characteristic element of T\. The 
evolution of U\ with respect to A is described by the equation [8j [7] 

^u x = \x,u x r, (ii) 

where X G D(£) is some vector field on £a- 

Let g C gl(ko + l\ki) be a finite-dimensional Lie superalgebra with basis e«, here 
k ,k\ ^ 0. Let us consider two representation of $j: 

(1) p: g — > Mat(A;o + 1, k\) — a matrix representation; 
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(2) g: g — > Vect(C;poly) — the representation in the space of vector fields with 
polynomial coefficients on the (fco|/ci)-dimensional supermanifold W with local 
coordinates w l , . . . , w k °, f 1 , . . . , f kl . 

We now recall an important example of such representation g; this standard construction 
will be essential in what follows. 

Example 3 (The projective substitution and nonlinear representations of Lie algebras 
in the spaces of vector fields [25])- Suppose g is a finite-dimensional Lie superalgebra. 
We shall use the projective substitution [25J to construct a representation of g in the 
space of vector fields. 

Let N be an (&q + l|fci)-dimensional supermanifold with local coordinates 

v = (v 1 ,v 1 ,...,v ko+1 j\...,f kl ) G N, and put d v = (d w i, d w 2, . . . , d w k +x, d f i, . . . , d fkl )*. 

For any g G g C gl(k + l\k±), its image V g under the representation of g in the space 
of vector fields on iV is given by the formula 

V g = vgd v . 

We note that V g is linear in v l and p . By construction, the representation preserves 
the commutation relations in the initial Lie algebra g: 

[V?> V h\_ = [vgdv, vhd v ]_ = v[g, h]_d v = V [gM , h, g G g. 

Locally, at all points of iV where v i 7^ we consider the projection 

p:v i \-tw i - 1 = nv i lv x , p: f ^ f j = nf/v 1 , n G R, (12) 

and its differential dp: d v — > d w . The transformation p yields new coordinates on the 
open subset of iV where v 1 7^ and on the corresponding subset of TN: 

w = (^w\...,w ko j\...J k ^), 

y k ki 

d w = ( — C^w l d w i +^2fdp),d w 2, . . .,d w k ,d f i,. . .,8^)*. 

Consider the vector field X g = dp(V g ). In coordinates, we have 

X g = wgd w . (13) 

We note that, generally, X g is nonlinear with respect to w % and fK The commutation 
relations between the vector fields of such type are also inherited from the relations in 
the Lie algebra g: 

[_X g , Xf) = [dp(V g ), dp(V f )]_ = dp{[g, /]_) = dp{V [g]f] ) = X [gJ] . 

We now take X g for the representation g(g) of elements g of the Lie superalgebra g. 

For the sake of definition we now set uq = 2, n\ = 0, x 1 = x, x 2 = t, ko — 1, k% — 0, 
w 1 = w. 

Using the representation g we construct the prolongations of total derivatives 

d d 
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by inspecting the way in which they must act on the nonlocal variable w G W: 

w x = —diQ^ei) _i dw, (14a) 
w t = —Vg(ej) _i dw. (14b) 

We thus obtain a one- dimensional covering r: £ = W x £°° — > S°° with nonlocal 
variable w. 

Example 4. Let us consider the N=2, a=4 SKdV equation fllOp and a family of 
coverings over it derived from the zero-curvature representations which we considered 
for this super-system in Example [TJ We now solve equation (11 II) in three steps. 
We start from the covering derived from the Gardner's deformation [23J, 

w x = \(w - u 12 ) - ew 2 , (15a) 

W t = \{u X2]XX + 2u\ 2 ) + jsUi2 ]X + ^U 12 + (-2Ui2;x ~ f«12 ~ ja) W + (2£«i 2 + U> 2 , 

(15b) 

of the Korteweg-de Vries equation 

U\2;t = -"12:.,.,., ~ QUl 2 U 12 - x . (16) 

For a vector field 

d d d d 
X = a lT + h lu + u ° a + 

OX Ot OU\2;a UW 

containing undetermined coefficients a, b, u a and if equation (TTTjl for (fT5|) splits into a 

system 

d ~ dw x dw x , ( dw x dw x ~ \ db 



'TT W x = D ^ ~ V 9 ^ W <x « H & n M 12;at + -q— W t ~ D x W t - W t — 

dA aw aui2- a \dui 2 - a aw ) ax 

( dw x dw x \ da 

+ a -D x w x + u 12 . ax + -k—w x - w x —, 

V oui 2 .^ aw J ox 

d ~ dw t dw t ( dw t dw t ~ \ db 

--rr w t = D tP ~ V 9 ^ w ff - h b u l2 . at + — Wt - D t w t - w t — 



dA ' dw dui 2;a \dui 2;a ' dw J dt 

( i\ dw t dw t \ da 

+ a -D t w x + u 12 . ax + — — w x -w x — , 

V dui 2]a dw J dt 

~ db da ~ db da 

ox ox dt dt 

By introducing the vertical vector field X' = X _i = X — aD x — bD t = ip'd/dx + 
oj ! a d / dui 2 . a as in [13], we simplify this system: 

d ~ , , dw x 

~~rrw x = D x tp - (p — u a 



dA ' dw a dui 2 . a 

A w - fy '_ ' dwt J dwt 

dA * t{ P ^ q w a du\ 2 .^ 

<4* = DK- 
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Note that at all times one can return to the vector field X by using the relations 

if' = (p - aw x - bw t , uj' a = u a - aui2-ax - bu 12]r7t . 

The solution of equation fTTTl) for Gardner's deformation f[T51) of KdV equation ffTBl) 
is then 

X = -Qte^ 1 d/dx - e' 1 d/du l2 + . . . , 

which is the Galilean symmetry of (fTEj) (c.f. [S]). 

Second, we consider the Kaup-Boussinesq equation [5] 

U0;s = (-U12 + 2ul) x , U 12 - s = (U ;xx + 4u U 12 ) x 

and take its higher symmetry 

uo-t = -u 0l xxx + (4mq - 6u u 12 ) x , (17a) 
^12;t = ^12;xxx - Qu 12 u 12 - X + \2uq-xUo-xx + Qu u -xxx + I2(ulu 12 ) x . (17b) 

We recall that system (flTI) is the bosonic limit of (TTTJT) with a = 4 under setting u\ = 
u 2 = 0. 

A family of coverings over equation (TlT]) is determined by the formula^ 

W x = —EW 2 + £~ 1 ( w — Ui 2 — Uq) + i£~ 2 U , 

uh = 2ew {—2u + ui 2 ) + 2w(—iwuo + 4:UoUo- x —ui2;x) + £~ (w — 2wu± 2 + 2u 12 
+u 12]XX + 2iwu 0]X - Aul - 2u\u 12 - 4:U u 0]XX + Awul - 4uq.J + e~ 2 (2iwu 
+ 2iul - Aiu Q u 12 - Au q uq. x - iu - xx + u 12 - x ) + e~ 3 ( uu - w -u 2 - iu - x ) - ie~\ . 

This covering is obtained by the standard change of a Lie algebra's representation in 
a zero- curvature representation for (fTTj) ; in turn, that representation can be derived 
by using the reduction u\ = u 2 = in the zero-curvature representation for the N=2, 
a=4 SKdV equation ffTUl) (see |H[l2] and Example [1]). Remarkably, this zero-curvature 
representation for ffTT)) was re-discovered in [3] not in the context of super-system ([TO]) . 

For this family of coverings over system (TlTl) . the solution of equation f TTT]) is given 
by the vector field 

X = —e^xd/dx — Se^td/dt + e~ l UQd/duQ + 2e~ 1 u 12 d/du 12 + 2e~ l wd/dw + . . . 

We note that, unlike the Galilean symmetry for the KdV equation ffTBl) in its Gardner's 
deformation, it is the scaling symmetry which we obtain here. 

Finally, let us consider the full iV=2, a=4 SKdV equation (flQj) and over it, let us 
construct a (l|l)-dimensional covering by switching to a different representation of 
the Lie superalgebra in the sl(2|l)-valued zero-curvature representation a (this was 
considered in Example [1] on p. [6]). Using the representation g from Example [3j we 



Here and in what follows we underline the covering that encodes Gardner's deformation (fT5|) for 
the classical KdV equation (fHl|) . 
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obtain 

w x = -ew 2 + (f 2 u 2 - hu\i) + £~ x ( w - uu - Wq) + e~ 2 iu , 
f x = - ewf 2 + iu f 2 + e' 1 (f 2 + u 2 + iui), 

uh = e(-Aw 2 ul + 2w 2 u 12 + f 2 wu 2 - x - f 2 wui- x i + Af 2 u 2 wu i + Af 2 uiwuo) - 2w 2 u i 
+ 8wu u Q;x -2wu 12;x - 5f 2 u u 2 - x i - 5f 2 u u 1 . x - f 2 u 2 - xx + f 2 u x - xx i - f 2 u 2 w 
+ 8f 2 u 2 ul - 2f 2 u 2 u 12 - Af 2 u 2 u . x i + fauywi - Sf 2 u 1 uli + 2f 2 u x u X2 i - Af 2 uiU . x 
+ e~ l {w 2 + 2u\ 2 - 2wu 12 + u 12 . xx + Awu 2 + 2wu - x i - Au 4 - 2u\uyi - Au u - xx 

- Au\ x - f 2 u 2 u i - f 2 uiu - u 2 u 2 . x - 8u 2 uiu - UiU 1;x ) + s~ 2 (2wu i + 2uli 

- Au u 12 i - Au u . x - u . xx i + u l2 . x - 2u 2 u x i) + e' 3 ( u 12 - w - v% - u . x i) - e~Hu 
ft = 2ew{-2f 2 u\ + f 2 u 12 ) + wu 2 -x + wu 1]X i - 2f 2 wu i + Af 2 uli - 6f 2 u ui 2 i + Af 2 u u . x 

- f2UQ- xx i - f 2 u 12 - x - Af 2 u 2 u x i - Au 2 wu i + Auiwuq + e~ l (5u u 2;x i - 5u u 1;x 

- u 2 . xx - ui- x J + f 2 w + 2f 2 u 2 Q - f 2 u 12 + f 2 u . x i + u 2 w + 8u 2 ul - 2u 2 u 12 

+ ^u 2 u ; X i + uiwi + 8uiuli - 2uiU 12 i - AuiU - x ) + e~ 2 (-u 2 . x - U\. x i + f 2 u i 
+ 3u 2 u i - 3uiu ) - e~ 3 (f 2 + u 2 + uii). 

We find that the solution of equation ffTTl) is the vector field 



X = — e 1 xd/dx— 3e 1 td/dt+e 1 u d / du + (—3iew f +3u f +3ie 1 f+3ie 1 u 2 )d/dui 
+(-3ewf-3iu f+3e~ 1 f+3e- l u 2 )d/du 2 +(3f(u 2 +iu 1 )+2£- 1 u 12 )d/du 12 +2e- 1 wd/dw+. 

It has been obtained by solving equation (|TT|) explicitly using the analytic software [13] . 

Consider two mappings, d Q = d h - [a, •] : A°(£°°) g> g -> A°(£°°) g> g (see [20]) and 

du = U x ]™ : D(A°(£)) -> D(A 1 (£)) "(see jg]). We recall that the mappings d a and d v 
yield the horizontal [20] and Cartan [S] cohomologies, respectively. However, we claim 
that in the geometry at hand one of these two differentials is a particular instance of 
the other by virtue of the switch between the Lie super algebra's representations. 

Lemma 1. The following diagram is commutative: 

A°(£°°) ® g — A°(^°°) ® Mat(A; + 11^) A 1 ^ 00 ) ® Mat(A; + 1 | k x ) 



v 



v 



A°(f °°) (8) g — ^— >■ D(A°(0) D(A 1 (^)), 

where V = go p^ 1 is a switch from the representation p to the representation g for the 
Lie superalgebra g. 
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Proof. Consider 7 = q k <g> e k G A°(£°°) and put 0(7) = X G D(A°(£)) and ^(7) = Q G 
A°(£°°) £g> Mat(fc + 1 I ki). A direct computation shows that 

(V o d a o P )( 7 ) = (v o a Q )(Q) = V(d h Q - [«, Q]) 

= V (dx(D x (q k )p(e k ) - [a i p(e i ),q k p(e k )]) + dt(D t (q k )p(e k ) - [V p(e 3 ) , q k p(e k )}) 
= dx{D x {q k )g{e k ) + {-a* g( ei ), q k g(e k )}) + dt(D t (q k )g(e k ) + [-W g( ei ) , q k g(e k )}) . 
On the other hand, we have that 



(d u og)( 1 ) = d u x = \x,u ) 



iFN 



dxiDJX^ dw) - dw)^ + dt(D t (X ^ dw) - (X ^ dw)^ 

dw dw ' 



d_ 

dw 



By using the formula D X (X _i dw) = D X (X _i dw) + w x S^(X _i dw), we continue the 
equality and obtain that 



dx(D x (X _j dw) + w^— — (X _j dw) — (X _i dw)— — ) 
+ dt(A(A"_i dw) + w t — dw) — (X 1 dw)— ^ 

OT <7W ' 



d_ 

dw 



d-d 
dx(DJX) _i dw + |w x — — ,X1 _j dw) + dt(DAX) _i dw + [w t — — ,X] _i dw) 
- aw - - ow - 



d_ 

dw 



From formulas ( JT4J) we infer that 

= dx{D x (q k )g(e k ) + [-a^fe), g fc ^(e fc )]) _i dw 

+ dt(D t (q k )g(e k ) + [-&V(ei), g fc ^(e fc )]) _j dw) 
= dx(D x (q k )g(e k ) + [-a i g(e i ),q k g(e k )}) 
+ dt{D t (q k )g{e k ) + [— 6*e(e<), g fc ^(e fc )]). 
Finally we obtain that (V o d a o p)(j) = (du o ^(7), which proves our claim. 

Now let us study in more detail the case of removable parameters. Let a(X) = 
a % p{ti) dx + b 3 p{ej) dt be a smooth family of g- valued zero-curvature representations for 
the system S but let the parameter A G C be removable. By Proposition HJ there is a 
g-matrix Q = q k p(e k ) such that 



□ 



—a = d h Q - [a,Q\. 



In components, we have 



— (a i )p(e i ) = D x {q k )p(e k ) - a i q k p([e i ,e k \). 



(18) 



(19) 



By virtue of the representation g, at every A the g-matrix Q = q k p(e k ) determines the 
vector field X = q k g(e k ) on £. 

The following proposition is a regular generator of solutions for equation (fTTj) in the 
case of coverings derived from zero-curvature representations with removable parameter. 
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(It was remarked in [7J that the formalism of zero-curvature representations and their 
parametric families can be viewed as a special case of the Frolicher-Nijenhuis bracket 
formalism for deformations of coverings of unspecified nature; we thus substantiate that 
claim from loc. cit. by giving an explicit proof). 

Proposition 2. The vector field X = q k g(e k ) satisfies structure equation (II ip 
Proof. From Lemma [TJ we infer that 



[X,U> 



iFN 



dx(D x (q k )g(e k ) + [-a* gfa) , q k g{e k )}) _j dw 
+ dt(D t (q k )g(e k ) + [-b i g(e l ), q k g(e k )}) _j dw) 
Using (JTHD , we obtain that 

dx— (a t )(g(ei) _i dw) + dt—(b l )(g(ei) _i dw) 
dA dA 



<8> 



d_ 

dw 

d_ 

dw 



d d , . , 

_ dA ^ ~~ dA 



d_ 

dw 



dA 



This proves that the vector field X is a solution of equation ffTTj) . 



□ 



Remark 1. This proof can be easily extended to the case of any finite rio,ko,ki < oo. 

Example 5. Let us construct a (l|l)-dimensional covering over N=2, a=4 SKdV equa- 
tion fflOl) from the sl(2|l)-valued zero-curvature representation a considered in Exam- 
ple [2] on p. [JJ Using representation g from Example [3] we obtain 

W x = X 2 + 2\W + W 2 + U 2 + «12 - f 2 U 2 + «/2«l, 

/z = A/ 2 + + «/2«0 + u 2 + iui, 

w t = 2A 2 (2mq - uu) + \(8wul - 4wu 12 + Su u . )X - 2u 12]X + fu 2]X - fu x . x i 

+ Afu 2 u i + AfuiUo) + Aw 2 ul - 2w 2 u 12 + 8wu u 0;x - 2wu\ 2]X + Auq + 2v 2 qU\ 2 
+ 4:U u - xx - 2u\ 2 + Aul ;x - u 12 . xx + fwu 2 - x - fwu 1;x i + 5fu u 2 - x i + 5fu u 1;x 
+ fu 2 - xx - fu v>xx i + Afu 2 wu i - Sfu 2 ul + 2fu 2 u 12 + ifu 2 u - x i + Afu x wuQ 
+ Sfuxuli - 2fu 1 u 12 i + 4:fuiu . x + u 2 u 2 . x + 8m 2 uiu + 
ft = \{-u 2 . x - ui ;x i + Aful - 2fu 12 + Au 2 u Q i - Auiu Q ) - wu 2;x - wu 1;x i + 5u u 2]X i 

- 5u u 1;x - u 2 . xx - ui- xx i + Afwu 2 Q - 2fwu 12 + Afu 3 i - 6fu u 12 i + Afu u . x 

— fuo V xxi — fu\2-x — Af u 2 u\% + 4u 2 wu i + 8u 2 ul — 2u 2 U\ 2 + Au 2 UQ- x i — AuiWUq 
+ RuiU^i — 2u\U\ 2 % — Au\Uq- )X . 

In agreement with Proposition [21 we find the solution X = d/dw of equation ffTTj) : in- 
deed, this field is obtained from the s[(2|l)-matrix Q, which we introduced in Example [21 
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Conclusion. We extended - to the Z 2 -graded case - M. Marvan's method for inspect- 
ing the (non) removability of a parameter in a given family of zero-curvature represen- 
tations; specifically, we accomplished the task of balancing the signs in a nonselfcontra- 
dictory way. Let us note that this generalisation of the standard technique can be used 
further in solving Gardner's deformation problems for the iV=2-supersymmetric KdV 
equations and other Z 2 -graded completely integrable systems. 

At the same time, we confirmed that a switch between the representations of Lie (su- 
per) algebras establishes a link between the two classes of nonlocal geometries and also 
between the arising differentials. In particular, by inspecting this relation in the case of 
zero-curvature representations with removable parameters A, we explicitly described the 
equivalence classes of r^-shadows that determine, by virtue of structure equation (ITTj) . 
the evolution of Cartan's characteristic elements in families of coverings t\. 

Appendix A. 

The elements of the st(2 | l)-matrix B from Example [U 

An 612 b 13 \ 
B = lb 21 b 22 h 3 , 
\hi h 2 h 3 J 

are as follows, 

b u = Aiul ~ 6«WqWi2 + 4w «o;x - iuo-,xx - Ui2-,x ~ ^u 2 u x + £ -1 (2«o - u x2 - iu . x ) - is~ 2 u , 
bi2 = £ -1 (4?4 + 2ugMi2 + 4:U u 0;xx - 2u\ 2 + ^u\ x - u 12]XX + u 2 u 2 . x + &u 2 uiu Q + Uiu lvx ) + 
+ e~ 2 (2iul - 4iu uu + 4:U u - x - iu 0]XX - u 12 - x - 2m 2 ui) + s~ 3 {ul - u 12 - iu - x ) - 

— ie~ 4 uo, 

bi3 = £ _1 (-5i'UoM2;x - 5u Ui- x - u 2 - xx + iu 1;xx + 8u 2 ul - 2u 2 u 12 - Aiu 2 u 0;x - Siu^l + 

+ 2iu\u 12 — AuiUq-x) + e~ 2 (— u 2]X + iui ;x — 3iu 2 u — 3uiU ) + e~ 3 (—u 2 + iui), 
b 21 = 2s(-2u 2 l + u u ) + 2iu + e' 1 , 

b 22 = Aiul - Qiu u 12 - 4:U u . x - iu - xx + u 12 . x - 4m 2 «i + £ _1 (-2uo + u 12 + iu . x ) + 

+ is~ l UQ + e~ 3 , 
h 3 = u 2 - x - iu\. x + Uu 2 u + AuiUq + £ _1 (u 2 - iui), 
hi = e{-u 2]X - iui- x + Aiu 2 UQ - AuiUq) + u 2 + iui, 

h 2 = 5iu u 2;x - 5u u 1;x - u 2 . xx - iu 1;xx + 8u 2 ul - 2u 2 Ui 2 + Aiu 2 u Q]X + 8iutul - 2iuiU 12 - 

- AuxUo-x; + e _1 tio(»2 - 

633 = 2(4iul - 6iu ui 2 - iu 0]XX - Uu 2 u x ) + s~ 3 . 

Appendix B. 

The elements of the s((2 | l)-matrix B from Example [2], 

(hi h 2 b 13 
hi h 2 b 23 
hi h 2 633 
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are given by the formulas 

fen = 2A(2«Q - u 12 ) - Auli + 6u ui 2 i + 4:U u - x + u - xx i - u l2 - x + Au 2 uii, 

b 12 = 2A 2 (-2mq + u 12 ) + 2X(-4u u - x + u 12 . x ) - 4mq - 2ulu 12 - Au q uq ]XX + 2u\ 2 

- AU 2 Q . X + U 12 - xx - U 2 U 2 - X - 8m 2 MiM - «l«l;x, 

613 = A(w 2;x + ui- x i - 4w 2 w i + 4miM ) - 5u u 2 - x i + 5u Ul;x + W 2; xx + U l;xx« 

- 8u 2 ul + 2-u 2 -u i2 - Au 2 u 0;x i - 8uiuli + 2-uiWi 2 i + Auiu 0;x , 
b 21 = 2(2mq - u 12 ), 

b 22 = 2A(-2mq + u 12 ) - Auli + 6m Mi2^ - 4u u 0;x + «o;xx« + Ui 2 . x + 4w 2 «ii, 
&23 = u 2 - x + ui- x i - Au 2 u i + 4«iw , 
hi = u 2 . x - ui- x i + 4u 2 u i + 4wiw , 

632 = A(-m 2;:e + ui- x i - 4u 2 u i - 4mim ) - 5u u 2 . x i - 5u wi ; x - u 2 - xx + ui ;xx i + 8w 2 Wg 

- 2w 2 -ui 2 — 4:U 2 uo- )X i — Suiu^i + 2u\U\ 2 i — AuiUq- )X , 

6 33 = 2i(-4«o + 6u u 12 + u 0]XX + Au 2 u 1 ). 
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